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We show that an imaginary magnetic field(IMF), which can be generated in non-Hermitian sys-
tems with spin-dependent dissipations, can greatly enhance the s-wave pairing and superfluidity of
spin-1/2 fermions, in distinct contrast to the effect of a real magnetic field. The enhancement can
be attributed to the increased coupling constant in low-energy space and the reduced spin gap in
forming singlet pairs. We have demonstrated this effect in a number of different fermion systems
with and without spin-orbit coupling, using both the two-body exact solution and many-body mean-
field theory. Our results suggest an alternative route towards strong fermion superfluid with high
superfluid transition temperature.
Introduction.
Searching for strong fermion superfluids and their un-
derlying mechanisms has been one of the central tasks
in condensed matter and cold atomic physics. In cold
atoms, a prominent example for strong superfluid is the
unitary Fermi gas, where the s-wave scattering length di-
verges and the interaction energy solely scales with the
Fermi energy[1]. Apart from resonant interaction, several
other factors have also been shown to induce strong pair-
ing and superfluidity, such as low dimension[2], large ef-
fective range[3], highly-symmetric spin-orbit coupling[4],
etc. On the contrary, the presence of a magnetic field or
spin imbalance is generally believed to reduce and even
destroy the pairing superfluidity, especially when the spin
gap overcomes the pairing strength.
In this work, we report another efficient tool for gen-
erating strong pairing superfluid, namely, an imaginary
magnetic field (IMF). Experimentally, the IMF can be re-
alized in non-Hermitian atomic systems by laser-assisted
spin-selective dissipations[5]. Consider the spin-1/2(↑, ↓)
system, the IMF can be equivalently achieved by apply-
ing a laser field uniquely to spin-↓ atom, which is res-
onantly coupled to a highly excited atomic state and
causes loss. This spin-dependent loss can be described by
a potential iΓσz up to a constant energy shift (∼ −iΓ/2),
where Γ determines the loss rate. Such potential exactly
plays the role of an imaginary Zeeman energy due to an
imaginary magnetic field B = iΓ. Here we show that
the IMF can greatly enhance the s-wave pairing and su-
perfluidity of spin-1/2 fermions, behaving just oppositely
to a real magnetic field(RMF). Consider a Rashba spin-
orbit coupled (SOC) fermion system as an example, we
find that even a small IMF can induce an exponential
enhancement of the two-body binding energy in weak
coupling regime, and the enhancement equally holds for
the pairing superfluid of many fermions in all interaction
regime. We further demonstrate that the IMF-enhanced
pairing commonly exists in several other typical fermion
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systems, with different types of SOC and even without
SOC. The enhancement can be attributed to the in-
creased coupling constant in low-energy space and the
reduced spin gap in forming singlet pairs when an IMF
is present. These results, which are detectable in cur-
rent cold atoms experiment, suggest an alternative route
towards strong fermion superfluid with high superfluid
transition temperature.
Results and Discussion.
To demonstrate the effect of an IMF, we start with
a concrete model of spin-1/2 fermions(↑, ↓) with Rashba
SOC. The single-particle Hamiltonian in momentum (k)
space can be written as (~ = 1 throughout the paper)
h0(k) = kσ0 + α(kxσx + kyσy) +Bσz, (1)
here k = k
2/(2m); σ0 and σx,y,z are respectively the
identity and Pauli matrices; α is the strength of Rashba
SOC, which naturally defines a momentum scale k0 =
2mα and an energy scale E0 = 2mα
2; B can be real or
imaginary, respectively denoting a RMF or an IMF. The
eigen-energies of (1) are
ξk,± = k ±
√
α2k2⊥ +B2, (2)
where ± is the helicity index and k⊥ =
√
k2x + k
2
y. Note
that in writing Eq.1 with an imaginary B, we have uti-
lized the effective non-Hermitian Hamiltonian reduced
from the Lindblad equation, by neglecting a term that in-
duces quantum jumps between diagonal density matrixes
in different particle-number sectors. It has been argued
that such process will not affect the physical quantities
produced with a given particle number[6].
Eq.2 results in distinct single-particle spectra for IMF
and RMF, as displayed in Fig.1(a). For RMF, all ξk,±
are real, and a gap is opened at k = 0; while for an
IMF, ξk,± are complex (conjugate to each other) for
k⊥ < kc⊥ ≡ |B|/α, and purely real for k⊥ > kc⊥. Right
at k⊥ = kc⊥, both the two levels and two eigenstates
coalesce, forming an exceptional ring in (kx, ky) plane,
see the red solid circle in the inset of Fig.1(a). Note
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FIG. 1. (Color online). (a) Real parts of single-particle spec-
tra under a Rashba SOC and an IMF (solid lines) or a RMF
(dashed). Here we take kz = 0, and IMF/RMF with the same
strength |B| = 0.35E0. Inset of (a): Exceptional ring (red
solid, with radius kc⊥) and the location of energy minimum
(blue dashed, with radius kmin⊥ ) in (kx, ky) plane in the case
of IMF. (b) Location of energy minimum, kmin⊥ , as a function
of |B| for IMF(solid) and RMF(dashed). Inset of (b) shows
the corresponding threshold energy (in the real part) ξth. For
IMF, kmin⊥ shows a discontinuity and accordingly ξth shows a
kink at |B|c = 0.5E0. In all plots, the units of momentum
and energy are respectively k0 and E0.
that since the size of this ring does not depend on kz,
in 3D k-space it forms an exceptional surface as of a
straight cylinder along z. In Fig.1(b), we plot the lo-
cation of energy minimum, denoted by kmin⊥ , as varying|B|. For RMF, kmin⊥ continuously decreases to zero as
increasing B. For IMF, kmin⊥ first increases with |B| fol-
lowing ∼ (k0/2)
√
1 + 4|B|2/E20 , as shown by the larger
blue dashed circle in inset of Fig.1(a), while at a criti-
cal |B|c = 0.5E0 jumps to zero, signifying a first-order
transition. Accordingly, at the transition point the en-
ergy threshold (ξth) moves from finite k
min
⊥ to k = 0 and
exhibits a kink, as shown in the inset of Fig.1(b).
Now we come to the two-body problem, where
two fermions interact under contact potential U =
gδ(r)PS=0, here r is the relative motion, PS=0 is the pro-
jection operator of spin singlet state |S = 0〉 = |↑↓〉−|↓↑〉√
2
,
and the bare coupling g can be related to the s-wave scat-
tering length as via 1/g = m/(4pias) − 1/V
∑
k 1/2k.
The two-body results are shown in Fig.2.
In Fig.2(a), we plot the two-body binding energy Eb
as a function of 1/as for IMF and RMF with the same
amplitude |B|. In comparison to zero B case, the ap-
plication of an IMF will enhance |Eb| at all couplings,
while RMF always reduces |Eb|. The picture is more
clearly shown in Fig.2(b), where Eb is plotted as a func-
tion of |B| at given 1/as. We can see that as increasing
|B| from zero, in RMF case the bound state quickly van-
ishes with Eb → 0; while the IMF can support deeper
bound state (with decreasing Eb) until |B| reaches |B|c,
when the single-particle threshold ξth displays a kink (see
Fig.1(b)). To highlight the dramatic effect of IMF in fa-
voring bound states, in Fig.2(c) we plot the minimum
Eb (at |B| = |B|c) as functions of 1/as, in comparison
to that without IMF. We can see that the IMF effect is
visible in all interaction regime from weak to strong cou-
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FIG. 2. (Color online). (a) Two-body binding energy Eb
with Rashba SOC as a function of 1/as for IMF(blue solid
line) and RMF(red dashed) with |B|/E0 = 0.3, in compari-
son to that with B = 0(gray line). (b) Eb as a function of
|B| for IMF(blue solid) and RMF(red dashed) given a fixed
1/(ask0) = −0.5. Green dashed-dot line shows fit to Eq.4
for IMF (B2 < 0). Under IMF, Eb reaches minimum at
|B|c. (c) Minimum Eb under IMF (blue solid) as functions of
1/as, in comparison to zero B case (gray line). (d) Coupling
constants C between two threshold fermions as functions of
|B| for IMF(blue solid) and RMF(red dashed), and the inset
shows threshold DoS ρ. Green dashed-dot lines show analyt-
ical fit(see text).
plings. For instance, for a weak coupling 1/(ask0) = −1,
at |B|c we have |Eb|/E0 = 0.115, about twenty times
larger than the value (0.005) at B = 0.
Physically, the enhanced bound state is associated with
the IMF-increased coupling strength between low-energy
states. To demonstrate this, we rewrite the two-body
equation (see Methods) as
1
g
=
∫
dρ()
C()
E −  , (3)
where ρ() and C() respectively denote the density-of-
state(DoS) and the coupling constant for two particles
at scattering energy . The change of these two values
as varying B directly determines the fate of bound state.
It can be more transparently seen through in weak cou-
pling limit, where the bound state formation is domi-
nated by the low-energy scattering near E ∼ 2ξth. In
Fig.(2) (d) and its inset, we plot C and ρ at threshold
E = 2ξth as varying |B|. We can see that while ρ keeps
static[7], C can increase (decrease) with |B| in the case of
IMF (RMF). Indeed, at small B, C can be expanded as
C(B) = C(0)(1 − 4B2/E20), consistent with the numeri-
cal result shown in Fig.(2) (d). Then based on Eq.(3), we
arrive at the following expansion of Eb in weak coupling
3limit ((k0as)
−1 → −∞) and with small B (|B|  E0):
Eb(B) = Eb(0) exp
(
−16B
2
E20
1
k0|as|
)
, (4)
here Eb(0) is the binding energy at B = 0. Most remark-
ably, Eq.4 shows that by applying an IMF (B2 < 0), |Eb|
can exponentially increase with a huge coefficient due to
1/(k0|as|)  1. In contrast, applying a RMF (B2 > 0)
will exponentially reduce |Eb|. We have confirmed that
Eq.4 matches well with numerical results at small |B|, as
shown by dashed-dot line in Fig.(2) (b).
Inspired by the two-body result, we now turn to the
property of pairing superfluid for many fermions. Un-
der the mean-field BCS theory, we introduce the par-
ing order parameter ∆ = (g/V )
∑
k L〈c−k↓ck↑〉R and
∆˜ = (g/V )
∑
k L〈c†k↑c†−k↓〉R, where ckσ is the annila-
tion operator of a free fermion of spin-σ at k, and |〉R(L)
refers to the right (left) eigenvector for the BCS ground
state. By some algebra, the thermodynamic potential
Ω = H − µN can be diagonalized as
Ω =
′∑
k
(
4∑
i=1
Ekiα
R†
ki α
L
ki + 2(k − µ)
)
− ∆∆˜
g
. (5)
Here αR†ki (α
L
ki) is the creation (annilation) operator of the
i-th right (left) quasi-particle with momentum k, which
satisfies the anti-commutation relation {αR†ki , αLk′j} =
δkk′δij [8]; the four quasi-particle energies follow
Ek = ±
√
Ak +Bk ± 2
√
AkBk − (αk⊥)2∆∆˜, (6)
with Ak = (k−µ)2 +∆∆˜, Bk = α2k2⊥+B2. In contrast
to the case of RMF where all Eki are real, in the presence
of an IMF they can be real or complex, depending on the
values of k and other parameters ∆, ∆˜, µ etc. Since
only the product ∆∆˜ matters in the functional Ω, but
not individual ∆ or ∆˜, in the following we will choose a
special case with ∆ = ∆˜ and minimize Ω (which is real)
in terms of ∆ to find the ground state.
In Fig.3(a), we show the typical landscapes of Ω(∆)
for both IMF and RMF with a given strength |B|. It can
be seen that compared to zero B case, the IMF (RMF)
can shift the minimum of Ω to larger (smaller) ∆ and the
according Ωmin is further decreased (increased), indicat-
ing a stronger (weaker) fermion superfluid. In Fig.3(b),
we further plot the ground state ∆, which indeed is an
increasing function of |B| for IMF, contrarily to the case
of RMF. We have checked that these conclusions will not
be qualitatively altered by the the change of as and µ.
In above, we have shown the dramatic effect of non-
Hermitian potential (the IMF) to interacting fermions.
In turn, the interaction effect can also alter the non-
Hermitian property, in that the exceptional surface(ES)
can be largely deformed from the free particle case. In
Fig.3 (c), we show the k-space ES of quasi-particles,
which is determined by
AkBk = (αk⊥)2∆∆˜. (7)
FIG. 3. (Color online). Fermion superfluid under
Rashba SOC and IMF/RMF at a given µ = −0.05E0.
(a)Thermodynamic potential Ω as a function of ∆ for
IMF(blue solid line) and RMF(red dashed) with |B| = 0.3E0,
in comparison to that with B = 0(gray line). (b)Pairing am-
plitude ∆ as varying |B| for IMF(blue solid) and RMF(red
dashed). In both (a,b), we take 1/(k0as) = −0.5. (c) k-space
exceptional surface for quasi-particles at resonance and with
IMF strength |B| = 0.4E0. Inset shows the real parts of quasi-
particle energies evolving with k⊥ at fixed kz = 0, which split
at kc⊥. (d) k
c
⊥ as a function of 1/as at given |B| = 0.4E0.
Horizontal dashed lines shows kc⊥ for free particles.
This equation predicts that two pairs of quasi-particles(6)
coalesce simultaneously at ES, with two separate energies
Ek = ±
√
Ak +Bk, as shown in the inset of Fig.3 (c). In
comparison to the free particle case where ES is a straight
cylinder along z (see Fig.1), here the ES can be deformed,
as shown by Fig.3 (c), and the deformation is pronounced
at low-energy space where the pairing takes a dominant
role. As increasing the interaction strength, more and
more momentum states will be strongly affected by pair-
ing and ES will get even more distorted and extend to
larger k⊥, as manifested by the increasing kc⊥ for quasi-
particles shown in Fig.3(d).
To this end, we have demonstrated the enhanced pair-
ing and superfluidity by an IMF for fermions with Rashba
SOC. Next we show that such effect equally applies to
other fermion systems, and in particular, we choose two
types of single-particle Hamiltonians as below:
(I) h0(k) = kσ0 + αkxσx +Bσz;
(II) h0(k) = kσ0 + βσx +Bσz
In comparison to the highly symmetric Rashba SOC as
described by Eq.1, here we consider in case (I) a 1D SOC
that has much less symmetry, and in case (II) a simple
transverse field without any SOC. Given their distinct
structures, these three cases belong to the most typical
situations for the non-trivial effect of IMF/RMF. In prac-
tice, case (I) with a real B has been realized using the
two-photon Raman process[9], and the transverse field
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FIG. 4. (Color online). Pairing and superfluidity under
1D SOC with IMF/RMF. (a) Two-body binding energy Eb
as functions of 1/as for IMF(blue solid line) and RMF(red
dashed) with |B| = 0.5E0, in comparison to that with
B = 0(gray line). (b) Critical 1/as to support a two-body
bound state as varying |B| for IMF(blue solid) and RMF(red
dashed). (c) Many-body pairing amplitude ∆ as a function of
|B| for IMF(blue solid) and RMF(red dashed). Here we take
1/(k0as) = −0.5 and µ = −0.05E0. (d) Product of coupling
constant C and DoS ρ for two threshold fermions as varying
|B|. Green dashed-dot lines show analytical fit (see text).
in (II) and IMF in both (I,II) can be implemented re-
spectively by the radio-frequency field and laser-assisted
dissipation.
For case (I), we have carried out the two-body and
many-body calculations for the pairing and superfluid-
ity therein, which also show enhancement by IMF, see
Fig.4. In particular, with an IMF, the two-body bound
state can form even in the weak coupling regime with
1/as < 0, on contrary to the case of RMF where it
can only appear in the molecule side with 1/as > 0[10],
see Fig.4 (a). In Fig.4 (b), we plot the critical 1/acs
for the bound state formation as a function of |B|, and
we see that the larger the IMF is, the weaker coupling
(i.e., smaller 1/acs) is required to afford a bound state,
while the RMF displays an opposite trend. Consistent
with these two-body results, the many-body calculation
shows the IMF-enhanced pairing amplitude ∆, as con-
trast to the case of RMF, see Fig.4 (c). The enhance-
ment again can be understood from the analyses of low-
energy coupling strength C and DoS ρ. In this case,
we have C(B) behaving the same as in Rashba SOC
case while ρ(B) varies as ∼ ρ(0)(1 + 2B2/E20), there-
fore ρ(B)C(B) = ρ(0)C(0)(1−2B2/E20), which increases
(decreases) with |B| for an IMF (a RMF) as shown in
Fig.4 (d). Compare to the Rashba SOC case, here the
magnitude of enhancement in 1D SOC is smaller due to
the IMF-reduced DoS.
For case (II), the situation is much simpler, as the spin
(σ) and orbit (k) are fully decoupled in the single-particle
level. Now there is only one factor left, i.e., the spin
gap, to influence the pairing and superfluidity properties.
From the spin spectrum ± = ±
√
β2 +B2, we define the
spin gap as G =
√
β2 +B2. Obviously, increasing |B|
in IMF and RMF cases will have different effects to G,
i.e., in the former G increases while in the latter G de-
creases, until becoming zero at |B| = β where locates
the exceptional point. Such behavior can directly influ-
ence the many-body superfluidity. Indeed, the mean-field
BCS theory gives quasi-particle spectra as:
Ek = ±
√
(k − µ)2 + ∆2 ±G, (8)
which shows that the spin gap G directly plays the role
of an effective magnetic field heff in pairing problem. As
it is known that changing heff can result in a sequence
of quantum phase transitions between normal and vari-
ous pairing phases across resonances[11], such transitions
can be equally induced by changing the IMF strength |B|.
For trapped fermions, this effect directly leads to a tun-
able phase separation between normal and BCS pairing
states, which can be measured directly as previously in
spin-imbalanced Fermi gas [12].
In conclusion, we have demonstrated the enhanced
pairing and superfluidity by an IMF in a number of dis-
tinct fermion systems with and without SOC, by which
we expect the same IMF effect can extend to a wide class
of fermion systems. We have revealed the underlying
mechanism for such enhancement as the IMF-increased
low-energy coupling strength and IMF-reduced spin gap
in forming singlet pairs. The remarkably opposite ef-
fects generated by an IMF and a RMF could be detected
in cold atoms experiments. In particular, the binding
energy of molecules can be measured by the rf spec-
troscopy, and the pairing superfluidity can be probed
by the momentum-resolved rf spectroscopy[13]. Finally,
while in this work we have only concentrated on the
ground state property at zero temperature, our results
immediately suggest an equally strong superfluid at fi-
nite temperature and with a high superfluid transition
temperature (Tc). This may also offer an alternative per-
spective towards the high-Tc superconductor ever studied
in literature.
Method.
The two-body problem can be solved by using the
Lippman-Schwinger equation |Ψ〉 = GEU |Ψ〉, where Ψ
is the two-body wave function. We then arrive at the
following equation for binding energy Eb = E − 2ξth:
1
g
= 〈S = 0|GE(0, 0)|S = 0〉,
where the Green function reads
GE(r, r
′) =
1
2
∑
k;µν=±
〈r|kRµ ;−kRν 〉〈−kLν ;kLµ |r′〉
〈kLµ |kRµ 〉〈−kLν | − kRν 〉(E − ξkµ − ξ−kν)
.
Here |kRµ 〉 and |kLµ〉 refer to the left and right eigenvectors
defined through h0|kRµ 〉 = ξkµ|kRµ 〉 and h†0|kLµ〉 = ξ∗kµ|kLµ〉.
5In principle, for the case of IMF the expansion in GE fails
at the exceptional ring where there is only one eigenstate
for each k. Nevertheless, the integrand in GE behaves
smoothly across the exceptional region, and thus its pres-
ence has no effect to the two-body solution. For the case
of RMF, we have h0 = h
†
0, ξkµ = ξ
∗
kµ and |kRµ 〉 = |kLµ〉.
For the many-body pairing, under the mean-field the-
ory we can write the thermodynamic potential Ω as
Ω =
′∑
k
(
F †kΩ(k)Fk + 2(k − µ)
)
− ∆∆˜
g
,
with Fk = (ck↑, c
†
−k↓, c
†
−k↑, ck↓)
T , and Ω(k) is
k − µ+B ∆ 0 αk⊥e−ıφk
∆˜ −k + µ+B αk⊥e−ıφk 0
0 αk⊥eıφk −k + µ−B −∆˜
αk⊥eıφk 0 −∆ k − µ−B
 .
Note that the summation over k in Ω is carried out only
over half of k-space. By diagonalizing the 4 × 4 matrix
at each k, we can obtain the form of Ω as Eq.5 and the
associated quasi-particle energy as Eq.6.
At zero temperature, we have Ω =∑′
k
(∑4
i=1EkiΘ
(−Re(Eki))+ 2(k − µ)) − ∆∆˜2/g,
where Θ(x) = 1 if x > 0 and = 0 otherwise. The ground
state of the system can be found by minimizing Ω as a
function of the product ∆∆˜, given as, µ, B all fixed. In
the main text we have chosen a special case with ∆ = ∆˜.
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